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Abstract 

We obtain a priori estimates in LP{lo) for the generalized Beltrami equation, provided 
that the coefficients are compactly supported VMO functions with the expected ellipticity 
condition, and the weight lo lies in the Muckenhoupt class Ap. As an application, we obtain 
improved regularity for the jacobian of certain quasiconformal mappings. 

1 Introduction 

In this paper, we consider the inhomogeneous, Beltrami equation 



^f{z)-^i{z)^fiz)^l.{z)^f{z) = giz), a.e.zeC (1) 

where /i, are L°°{C; C) functions such that |||/i| + |i^|||cx) < fc < 1, and g is a measurable, 
C-valued function. The derivatives df, df are understood in the distributional sense. In 
the work [5], the theory of such equation was developed. More precisely, it was shown 
that ifl + fc<p< 1 + ^ and g G LP{C) then ^ has a solution /, unique modulo constants, 
whose differential Df belongs to LP{C), and furthermore, the estimate 

P/IIlp(C) <C||5||lp(c) (2) 

holds for some constant C = C{k,p) > 0. For other values of p, ([1]) the claim may fail in 
general. However, in the previous work [7], Iwaniec proved that if e VMO{<C) then for 
any I < p < oo and any g £ LP{C) one can find exactly one solution / to the C-linear 
equation 

dfiz)-^iiz)dfiz)=g{z) 

with Df G LP{C). In particular, ^ holds whenever p e (l,oo). Recently, Koski [5] has 
extended this result to the generalized equation ([T]). For results in other spaces of func- 
tions, see H]. 

In this paper, we deal with weighted spaces, and so we assume g G U'[uj), 1 < p < oo. 
Here w is a measurable function, and a; > at almost every point. By checking the par- 
ticular case 11 = 0, one sees that, for a weighted version of the estimate (21) to hold, the 
Muckenhoupt condition uj £ Ap is necessary. It turns out that, for compactly supported 
fj, € VMO, this condition is also sufficient. 
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Theorem 1. Let 1 < p < oo. Let fi be a compactly supported function in VMO{C), such 
that 1 1 /i I loo < 1; o-nd let uj e Ap. Then, the equation 

dfiz)^^iiz)dfiz)=g{z) 

has, for g G L'p[uj), a solution f with Df G LP{uj), which is unique up to an additive 
constant. Moreover, one has 

for some C > depending on fi, p and [w]Ap- 

The proof copies the scheme of [7 ■ In particular, our main tool is the following compactness 
Theorem, which extends a classical result of Uchiyama [TS] about commutators of Calderon- 
Zygmund singular integral operators and VMO functions. 

Theorem 2. Let T be a Calderon- Zygmund singular integral operator. Let uj G Ap with 
1 < p < oo, and let b G VMO(R."). The commutator [b,T] : LP{uj) — t- LP{uj) is compact. 

Theorem [5] is obtained from a sufficient condition for compactness in LP{uj). When uj — 1, 
this sufficient condition reduces to the classical Frechet-Kolmogorov compactness criterion. 
Theorem [T] is then obtained from Theorem [5] by letting T be the Beurling-Ahlfors singular 
integral operator. 

A counterpart to Theorem [T] for the generalized Beltrami equation, 

df(z) - ^^{z) df{z) - v{z) dm = 5(^), (3) 

can also be obtained under the ellipticity condition + |i^|||oo < k < 1 and the VMO 
smoothness of the coefficients (see Theorem \E\ below) . Theorem [2] is again the main in- 
gredient. However, for ([3]) the argument in Theorem [1] needs to be modified, because the 
involved operators are not C-linear, but only R-linear. In other words, C-linearity is not 
essential. See also [3]. 

It turns out that any linear, elliptic, divergence type equation can be reduced to equa- 
tion ^ (see e.g. [I] Theorem 16.1.6]). Therefore the following result is no surprise. 

Corollary 3. Let K > 1. Let A : — )■ M^^^ be a matrix-valued function, satisfying the 
ellipticity condition 

— < w* A{z) V < K, whenever v G M^, \v\ — 1 

K 

at almost every point z G , and such that A Id has compactly supported VAIO entries. 
Let p G (1, oo) be fixed, and uj G Ap. For any g G L^{lj), the equation 

div(A(z) Vu) = div(5) 
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has a solution u with Vm G L^iuj), unique up to an additive constant, and such that 



I!Vu|Up(^) <c||5|Up(^) 

for some constant C = C{A,uj,p). 

Other applications of Theorem [T] are found in connection to planar if-quasiconformal 
mappings. Remember that a Wl^^ homeomorphism : il -> fi' between domains fi, il' C C 
is called X-quasiconformal if 

|50(z)| < ^^—^ \d<j){z)\ for a.e.z e VL. 

In general, jacobians of ii'-quasiconformal maps are Muckenhoupt weights belonging to 
the class Ap for any p > K (see [TJ Theorem 14.3.2 ], or also and this is sharp. As a 
consequence of Theorem [1] we obtain the following improvement. 

Corollary 4. Let /i G VMO be compactly supported, such that ||/i||oo < 1; o,n-d let (f> be 
the principal solution of 

d(j){z) - pl{z) d(t){z) = 0. 

Then the jacobian determinant J(-, belongs to Ap for every 1 < p < oo. 

We actually prove that composition with the inverse mapping 0"^ preserves the Mucken- 
houpt class A2 ■ Then, the above corollary follows by the results of Johnson and Neugebauer 
in [8], where the composition problem in all Muckenhoupt classes is completely solved. 

The paper is structured as follows. In Section [5] we prove Theorem [5] In Section [3] we 
prove Theorem [1] and its counterpart for the generalized Beltrami equation. In Section 2] 
we study some applications. By C we denote a positive constant that may change at each 
occurrence. B(x,r) denotes the open ball with center x and radius r, and 2B means the 
open ball concentric with B and having double radius. 

2 Compactness 

By singular integral operator T, we mean a linear operator on LP{M") that can be written 
as 

Tf{x)^ [ f{y)K{x,y)dy. 

Here K:R"x R" \ {a; = y} ^ C obeys the bounds 

1. \K{x,y)\<j^, 

2. \K{x,y)- K{x,y')\<Cj^^^^ whenever \x - y\ > 2\y ~ y'\, 

3. \K{x,y) ~ K{x',y)\ <Cj^:-^ whenever |a; - y| > 2|a; - a;'|. 
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Given a singular integral operator T, we define the truncated singular integral as 



TJ{x)= / K{x,y)f{y)Ay 

J \x-y\><L 

and the maximal singular integral by the relationship 

T*J{x) = sup \TJ{x) \ . 
oo 

As usually, we denote f{x)<lx = ^ /g f{x) dx. A weight is a function w £ L;q^(M") 
such that > almost everywhere. A weight lo is said to belong to the Muckenhoupt 
class Ap, 1 < p < cxo, if 

[uj\Aj, '■= sup uj{x)Ax!^ a;(a;)^^da;^ < oo, 

where the supremuni is taken over all cubes Q C M", and where ^ + ^ = 1. By U'{uj) we 
denote the set of measurable functions / that satisfy 

Lp(u) = (^j^ \f{x)\Puj{x)A3^ " < oo. (4) 

The quantity ||/||Lp(tj) defines a complete norm in U'{uj). It is well know that if T is a 
Calderon-Zygmund operator, then T and also are bounded in L^{ijj) whenever uj G Ap 
(see for instance [SI, Cap. IV, Theorems 3.1 and 3.6]). Also the Hardy-Littlewood maximal 
operator M is bounded in . For more about Ap classes and weighted spaces LP{uj), we 
refer the reader to [5]. 

We first show the following sufficient condition for compactness in LP{uj), uj e Ap. Re- 
member that an metric space X is totally bounded if for every e > there exists a finite 
number of open balls of radius e whose union is the space X . In addition, a metric space 
is compact if and only if is complete and totally bounded. 

Theorem 5. Let p e (1, oo), uj e Ap, and let ^ (ZLP{uj). Then ^ is totally bounded if it 
satisfies the next three conditions: 

1. ^ is uniformly bounded, i.e. supjg^ II/IIlp(i.j) < c«- 

2. is uniformly equicontinuous, i.e. supjgj ||/(- + h) ~ /(•) II lp(lj) ^'~^"> 0. 

3. ^ uniformly vanishes at infinity, i.e. sup^gj ||/ — XQ(o.ri).f\\Lp{u) ^~^°^> 0, where 
Q(0,R) is the cube with center at the origin and sidelength R. 

Let us emphasize that Theorem [S] is a strong sufficient condition for compactness in U'{uj), 
because for a general weight uj ^ Ap the space LP{uj) is not invariant under translations. 
Theorem [5] is proved by adapting the arguments in In particular, the following result 
(which can be found in [6l Lemma 1]) is essential. 
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Lemma 6. Let X be a metric space. Suppose that for every e > one can find a number 
5 > Q, a metric space W and an application X -^W such that '^{X) is totally bounded, 
and the implication 



holds for any x,y G X. Then X is totally bounded. 



d{x,y) < e 



Proof of Theorem [5l Suppose that the family ^ satisfies the three conditions of the Theo- 
rem [S] Given p> 0, let Q be the largest open cube centered at such that 2Q C B{0, p). 
For i? > 0, let Qi, . . . , Qat be iV copies of Q such that have not a overlap and such that 



Q(0,i?) = |jQ„ 



(5) 



where (5(0, R) is the open cube on the origin of side R. Let us define an application / $/ 
by setting 

-f f{z)dz, X €Qi,i = l,...,N, 

otherwise. 
For / e LP{uj) one has / £ Lj^^{R"-), and thus is well defined for fed- Moreover 

r N r P r 

/ \^f{x)\Puj{x)dx = y] -f f{z)dz / uj{x)A{x) 



N 



-T.[f^ |/(z)ra.(z)dz) ( U^{z)dz 

<[-KII/|ILh- 



uj{x)dx 



In particular, <I> : LP{lu) LP{lu) is a bounded operator. As ^ is bounded, then is a 
bounded subset of a finite dimensional Banach space, and hence $(5) is totally bounded. 
By the vanishing condition at infinity, given e > there exists i?o > such that 



sup 11/ - XQ{0,R)f\\LP{u) < T, if i? > Ro- 

fed 4 



(6) 



On the other hand, by Jensen's inequality, 

N 

ll/XQ(0,fl) -*/IIlp(„) 



^ 1 

< T — 

- ^ \CiA 



fix) -4- fiz)dz 



U!{x)dx 



\f(x)-fiz)\PdzL0{x)dx 
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Now, if X, 2 G Qi, then z — x — h ^ 2Q C -6(0, p). Therefore, after a change of coordinates, 
ll/XQ(o.i?)-$/lli.(^) / / \fix)-fix + h)\Pdhi,ix)dx 



^17^ f ! \f{x)~ f{x + h)Y'uj{x)Axdh 



\Q\ 



2Q 



<2" sup Unv\\f{-)~f{- + h)\\l . 
\h\<p \fes 7 

Therefore, by the uniform equicontinuity, we can find p > smaU enough, such that 



sup \\.fXQ(()M) - */IIlp(^) < T- (7) 



By ^ and ([7]) wc have that 



SUp||/-$/||iP(„) < -, 



whence 

II/IIlpM < I + whenever / e (8) 

Since $ is Unear, this means that 

II/-.9||lpM < | + whenever /, 5 G 3^. 

Set (5 = e/2. The above inequahty says that if /, g G are such that d{^f,^g) < 5, then 
c?(/, g) < e. By the previous Lemma, it follows that 5 is totally bounded. □ 

In order to prove Theorem [21 we will first reduce ourselves to smooth symbols b. Let us 
recall that commutators Cb — [b,T] with b G BMO{R") are continuous in LP{uj) (e. g. 
Theorem 2.3 in ^ISj). Moreover, in [111 Theorem 1] the following estimate is shown, 

lia/llL.M <C'I|6|UI|m2/IIl.m, (9) 

where C may depend on uj, but not on b. Now, by the boudedness of the Hardy-Littlewood 
operator M on LP{lu), we obtain 

\\Cbf\\LP{Lj) < C'll&ll* II/IIlp(w)- 

Since by assumption b G yAfO(R"), we can approximate the function b by functions 
bj G C;?°(R") in the BMO norm, and thus 

WCtf-ajh^i.) = \\Cb-bJ\\L.i^)<C\\b~b,\U\\fh,^^y 

In particular, the commutators with smooth symbol Cb^ converge to C'b in the operator 
norm of LP{uj). Therefore it suffices to prove compactness for the commutator with smooth 
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symbol. 



Another reduction in the proof of Theorem [5] will be made by slightly modifying the sin- 
gular integral operator T. This technique comes from Krantz and Li 10 . More precisely, 
for every 77 > small enough, let us take a continuous function K"^ defined on R" x R", 
taking values in R or C, and such that: 

1. K^{x, y) — K{x, y) if |x — ?/| > 77 

2. \K^{x,y)\ < for f < Ix-yl <77 

3. K'^{x,y) = si Ix-yl < f 

where Co is independent of 77. Due to the growth properties of if, is not restrictive to 
suppose that the condition [2] holds for all a;, y G R". Now, let 

TV{x) = / K\x,y)f{y)dy, 

and let us also denote 

CU{x) = %T^]f{x) = j^^{b{x)~b{y))K^{x,y)f{y)dy. 

We now prove that the commutators approximate Cf, in the operator norm. 
Lemma 7. Let b e C^(R"). There exists a constant C = C{n,Co) such that 

\Cbf{x) —Cjjf{x)\ < C r/ WVbWoc M f{x) almost everywhere, 

for every r/ > 0. As a consequence, 

1™ lie? - Cb\\Lp(^-)^Lp(^^) = 

whenever tu £ Ap and 1 < p < 00. 

Proof. Let / e U'{uj). For every x G R" we have: 

Cbf{x) ~ C^fix) = [ {b{x) - b{y))K{x, y)f{y)dy - / ib{x) - b{y))K^{x, y)f{y)Ay 

J\x — y\<r] J ^<\x — y\<'Q 

^ h{x) + hix). 

Using the smoothness of b and the size estimates of , we have that 

\h{x)\< [ \b{y)~b{x)\\K{x,y)\\f{y)\dy<Co\\S/b\\^Y. [ JIM^^iy 

< 2"Co ||V6||oof; I \f^y)\iy < ^2"Co llVfelU \B{0, l)\Mfix) 

for almost every x. For the other term, similarly 
\h{x)\<r,\\Vb\\^ [ \K^{x,y)\\f{y)\dy<vCo\\Vb\\^ f T^^'^V 

J ^<\x-y\<ri J ■^<\x-y\<ri F HI 



<r;2"Co II V6II00 15(0,1)1 / 



\fiy)\dy < r,2" Co ||V5||oo |i?(0, 1)| 
-y\<ri 
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Therefore, the pointwise estimate fohows. Now, the boundedness of M in L'^ioj) for any 
Ap weight Lo imphes that 



<Cr;||V6||oo||/||LpM ^0, 
This finishes the proof of Lemma [71 



as 7? 0. 



□ 



We are now ready to conclude the proof of TheoremjS] From now on, 77 > and b G C;[(M") 
are fixed, and we have to prove that the commutator — [h, T''] is compact. Thus, the 
constants that will appear may depend on b and 77. 

We denote ^ — {C^f;f G LP{uj), ||/||lp([^) < 1}. Then ^ is uniformly bounded, because 
is a bounded operator on LP{uj). To prove the imiform equicontinuity of 5^, we must 
see that 

limsup||C;'/(-)-C:'/(- + MIU.M=0. 



fed 



To do this, let us write 

^{b{x)-b{x + h)) f K^(x,y)f{y)dy+ [ {b{x + h) - b{y)){K^{x,y) - K'^{x + h,y))f{y)dy 
Ii{x,y,h)dy + / l2{x,y,h)dy. 
For /i(a;, y, h), using the regularity of the function b and the definition of the operator T*, 



h{x,y,h)dy < \\Vb\Uh\ 



(K^ix, y) - Kix, y)) f{y)dy + / ^ K{x, y)f{y)dy 
\K^{x, y) - K{x, y)\ \f{y)\dy + nf{x)) 



< \\^b\Uh\ 

'\x-y\>^ 

< \\^b\Uh\ {CMf{x)+TJ{x)) 

for some constant C > that may depend on 77, but not on h. Therefore, by , 

p 



Ii{x,y,h)dy 



uj{x)dx < C\h\ 



(10) 



for C independent of / and h. Here we used the boundedness of M and on LP{uj) (see 
[51 Chap. IV, Th. 3.6]). We will divide the integral of l2{x,y, h) into three regions: 



A 



{yeM" : > |, + - y| > |} , 

B = {yeR":|.T-y|>|, \x + h - y\ < "1] , 
C = |yeR":|x-y|<|, \x + h-y\>'l]. 
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Note that hix^ y, /i) = for y e M" \ A U B U C. Now, for the integral over A, we use the 
smoothness of b and K'^, 



h{x,y,h)dy 



<c\\ybu\h\ 
<c\\m\\J-^Y.2-'i 

'/ „_n ■'la 



1/(2/) 



\h\ 



3=0 



\x-y\<- 



|/(j/)|d2/<C||V6||oo^ Mfix) 



thus 



/ / h{x,y,h)dy 

JR^ J A 



w(x)dx<C|/i|||/|U.(„). 

for some constant C that may depend on rj, but not on h. In particular, the term on the 

right hand side goes to as ^ 0. 

The integrals of l2{x, y, h) over B and C are symmetric, so we only give the details once. 
For the integral over the set B, let us assume that \h\ is very small. We can first choose 
Rq > ri/2 + \h\ such that b vanishes outside the ball Bq = B{0,Ro). It then follows that 
b{- + h) has support in 2Bq. Then, since B c B{x, \h\ + r?/2), we have for \x\ < 3i?o that 
B c 4So and therefore 



h{x,y,h)Ay 



IIV&lloo / 



\x + h-y\\f{y)\ 



BnABo \X — y 

<com\oo{2/vr-' 



dy<Q 



ollV6||oo / 
Je 



Lv. ^, n— 1 ^ 

Sn4Bo I"'' i/l 



_Bn4BQ 



<Co||V6||oo(2/7?) 



w(t/) p dy 



Sn4Bo 



whence 



/ / 

J3B0 Jb 



h{x,y,h)dy 



uj{x)dx < C I 



I / uj{x)dx 
\J3B0 



i / oj{y) "pdy 

\J Bn4Bo 



for some constant C that might depend on rj. but not on h. If, instead, we have |a:| > 3Ro, 
then b{x + h) — (because \h\ < Rq so that \x + h\ > 2Ro). Note also that for y € B one 
has |a:| < C\x — y\ where C depends only on rj. Therefore 



l2{x,y, h)dy 



<C\\b\l 



BniBo \x — y\ 



\m_^y^c\\b\\ 



< 



\x\" 

c\\b\l 



Bn4Bo 



l/(y)|dy 



This implies that 

/ / h{x,y,h)dy 

>/m"\3Bo Jb 

Summarizing, 

/ / h{x,y,h)dy 

Jw* J B 



' B 

<c\ 



uj{x)dx<c\\brMi,^^) 



u}{x) dx 

uj{y)~^dy 



^f(cu) ( / "p dy 

\J Bn4Bo 



7 -(^r-'^y 

i>/M"\3Bo FI / \JBn4Bo 



BDABo 



3Bo 



}{x) dx + 

Jr 



LU^x) 
Ixl^'P 



(11) 



da: 
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After proving that 

I 



uj{x) 

-dx < oo 



\x\>3Ro Nl"^ 

the left hand side of ([TT|) will converge to as \h\ since \B\ -> as \h\ 0. To prove 
the above claim, let us choose q < p such that uj E Aq ^ Theorem 2.6, Ch. IV]. For such 
g, we have 



By [SJ Lemma 2.2], we have 

1^^^^ j^d. < f:(2^-ii?)--(2^i?)-^(i3(0, 1)) = < oo (12) 



as desired. The equicontinuity of 5^ follows. 

Finally, we show the decay at infinity of the elements of ^ . Let x be such that \x\ > R > Rq. 
Then, x supp b, and 



{h{x)~b{y))K^{x,y)f{y)dy 



<C'o\\b\\oof #4rdy 



l^^l J supp b 

<^}^\\f\\L.i.) [ I ^{yy-^dy 

supp h 



CU{xru:{x)dx\ <C||6|UI1/||l.m ( / "^dx 



whence 



x\>R J \J\x\>R. Fr^ ^ 

The right hand side above converges to as i? oo, due to (fT2|) . By Theorem [5j ^ is 
totally bounded. Theorem [5] follows. 



3 A priori estimates for Beltrami equations 

We first prove Theorem [TJ To do this, let us remember that the Beurling-Ahlfors singular 
integral operator is defined by the following principal value 



Bf{z) = -^ P.V.J ■ 



{z — w)2 

This operator can be seen as the formal d derivative of the Cauchy transform, 

1 f fM 



cm = 1 1 



dw. 

z — w 
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At the frequency side, B corresponds to the Fourier multipHer m(^) = |, so that B is 
an isometry in L^(C). Moreover, this Fourier representation also explains the important 
relation 

B(df) = df 

for smooth enough functions /. By B* we mean the singular integral operator obtained by 
simply conjugating the kernel of B, that is, 



B*{f){z)^--P.V. f j/H^dw. 

n J [z — w)'^ 



Note that B* has Fourier multiplier m*{Cj — |- Thus, 

BB* = B*B = Id. 

In other words, B* is the i^-inverse of B. It also appears as the C-linear adjoint of i3. 



Bf{z)g{z)dz^ / f{z)B*g{z)dz. 
Jc 

The complex conjugate operator B is the composition of B with the complex conjugation 
operator Cf = f, that is. 



B{f) = CB{f) = B{f). 

It then follows that 

B = CB = B*C. 

Note that B and B* are C-linear operators, while B is only R-linear. See [1] Chapter 4] for 
more about the Beurling-Ahlfors transform. 

Proof of Theorem\^ We follow Iwaniec's idea [7, pag. 42-43]. For every = 1, 2, let 

Pn = ld + iiB+--- + {^iBf . 

Then 

(Id - f-iB)PN-i = PN-iild ~ fiB) = Id - fi^B^ + Kn (13) 

where = ijl^ B^ — {jiB)^ . Each Km consists of a finite sum of operators that contain 
the commutator B] as a factor. Thus, by Theorem[21 each Kn is compact in L'p{ijj). On 
the other hand, the iterates of the Beurling transform B^ have the kernel 

bN{z) = j—^. 

Therefore, 

IIS^IIlpM < CN\ 
where the constant C depends on [w]Ap, but not on A^. As a consequence, 

ll/^^S^/llL.M<CA^'ll/ill^ll/llL.M, 
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and therefore, for large enough N, the operator Id — /i S is invertible. This, together 
with (fT3|) . says that Id — iiB is an Fredholm operator. Now apply the index theory to 
Id — ^B. The continuous deformation Id — t/^iB, < t < 1, is a homotopy from the identity 
operator to Id — fiB. By the homotopical invariance of Index , 

Index (Id - fiB) = Index (Id) 0. 

Since injective operators with index are onto, for the invertibility of Id— /iB it just remains 
to show that it is injective. So let / G LP{lu) be such that / = iJ,Bf. Then / has compact 
support. Now, since belonging to Ap is an open-ended condition (see e.g. [51, Theorem 
IV.2.6]), there exists S > such that p - S > 1 and w e Ap^s- Then uj^'^ e Ll^^{C). 
Taking e = ^^3^, we obtain 

1+8 p-(l + = ) 

f \f{x)\^+'dx < ( f \f{x)\Puj{x)dxj " ( [ cj(x)"5^^Tfe)da; 

J C \J supp / / \^ supp / 

p-(l+.) 

< WfWltuil u;{xr^^dx] " <oo, 

\Jsuppf / 

therefore / G L^+''{C}. But Id - fiB is injective on LP{C), 1 < p < 00 when ^ e VMO{C), 
by Iwaniec's Theorem. Hence, / = 0. 

Finally, since Id — ^B : L'p{ljj) — > LP{uj) is linear, bounded, and invertible, it then follows 
that it has a bounded inverse, so the inequality 

<C||(Id-/.e)g|U.(^) 

holds for every g e L'p{ijj). Here the constant C > depends only on the ^^(a;) norm of 
1A~ fiB, and therefore on p, k and [i^]Ap7 but not on g. As a consequence, given g G U'{ijj), 
and setting 

/ C(Id - /iS)- V 
we immediately see that / satisfies df — fidf — g. Moreover, since uj € Ap, 

= ||^?(Id - + ||(Id - fiBy^gh^iu.) < Chh^i^^, 

where still C depends only on p, fc and [oj]Ap- 

For the uniqueness, let us choose two solutions /i, /2 to the inhomogeneous equation. The 
difference F — fi ~ f2 defines a solution to the homogeneous equation dF — fidF — 0. 
Moreover, one has that DF e LP{uj) and, arguing as before, one sees that DF e L^^'^{C). 
In particular, this says that (/ — fiB){dF) = 0. But for fi G VMO{€.), it follows from 
Iwaniec's Theorem that Id — fiB is injective in LP{C) for any 1 < p < cxo, whence dF — 0. 
Thus DF = and so is a constant. □ 

The C-linear Beltrami equation is a particular case of the following one, 

dfiz) - fiiz) dfiz) - i/(z) a/M = g{z). 
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which we wih refer to as the generalized Beltrami equation. It is well known that, in the 
plane, any linear, elliptic system, with two unknowns and two first-order equations on 
the derivatives, reduces to the above equation (modulo complex conjugation), whence the 
interest in understanding it is very big. An especially interesting example is obtained by 
setting /i = 0, when one obtains the so-called conjugate Beltrami equation, 

df{z)-v{z)M^) = g{z). 

A direct adaptation of the above proof immediately drives the problem towards the com- 
mutator [vjB]. Unfortunately, as an operator from LP{lu) onto itself, such commutator is 
not compact in general, even when uj — 1. To show this, let us choose 

I' = it'oXD + viXc\o 

where the constant i/q G M and the function vi are chosen so that v is continuous on C, 
compactly supported in 2D, with ||i^||oo < 1- Let us also consider 

E = {feLP; ||/|Up<1, supp(/)c©}, 

which is a bounded subset of L''. For every f ^ E, one has 

lyBiT) ~ WT) = XniyoW) + Xc\d i^iW) - W^f) 
= XnivoB{f) + xc\D i^i B{J) + iv(iB{f) 
= xd2woB(/) + Xc\D {m) + vi) B{f). 

In view of this relation, and since B is not compact, we have just cooked a concrete example 
of function h' G VMO for wich the commutator [v, B] is not compact. Nevertheless, it turns 
out that still a priori estimates hold, even for the generalized equation. 

Theorem 8. Let 1 < p < oo, lo G Ap, and let /i, G VAIO{'C) he compactly supported, 
such that |||/i| + |i^|||oo < 1- Let g G U'{uj). Then the equation 

df{z) ~ fi{z) df{z) - a/M = 

has a solution f with Df G LP{uj) and 

\\Dfhnu.)<C\\ghnu.)- 
This solution is unique, modulo an additive constant. 

A previous proof for the above result has been shown in 'W for the constant weight uj = 1. 
For the weighted counterpart, the arguments are based on a Neumann series argument 
similar to that in [9], with some minor modification. We write it here for completeness. 
The following Lemma will be needed. 

Lemma 9. Let fi,iy £ L°°{C) be measurable, bounded with compact support, such that 
||/^| + |i^|||oo < 1- If ^ < p < oo and p' — then the following statements are equivalent: 
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1. The operator Id — fiB — h' B : U^{C) — >■ LP{C) is bijective. 

2. The operator Id - /IS* - vW : Lp' (C) Lp'(C) is bijective. 

Proof. When v — 0, the above result is well known, and follows as an easy consequence of 
the fact that, with respect to the dual pairing 



(La)^ f{z)g{z)dz, (14) 



the operator Id - fiB : LP{C) LP{C) has precisely Id - B*-p : LP (C) LP (C) as its 
C-linear adjoint. Unfortunately, when v does not identically vanish, R-linear operators do 
not have an adjoint with respect to this dual pairing. An alternative proof can be found in 
[5]. To this end, we think the space of C- valued LP functions LP{C) as an M-linear space, 

L^'(C)=L^(C)©LP(C), 

by means of the obvious identification u + iv — According to this product structure, 

every bounded M-linear operator T : L^{C) ® L^{C) — > L^{C) © L^{C) has an obvious 
matrix representation 

T{u + iv) - 

where every : i^(C) — ?• L^{C) is bounded. Similarly, bounded linear functionals 
U : LP.{C) © LP (C) R are represented by 





where every Uj : Lr(C) R is bounded. By the Riesz Representation Theorem, we get 
that Lr(C) © L'^{<C) has precisely (C) © (C) as its topological dual space. In fact, 
we have an R-bilinear dual pairing, 

)= / u{z)u'{z)Az+ I v{z) v' {z) dz, 




whenever (u, v) e Lk(C) © Lk(C) and (u', v') e (C) © L^ (C), and which is nothing but 
the real part of (ITil) . Under this new dual pairing, every R-linear opeartor T : L^{<C) ffi 
Lg(C) -^r(C) © L^{C) can be associated another operator 

r : L(iC) © l({C) ^ l({C) © iS'(C), 

called the R-adjoint operator of T, defined by the common rule 






If r is a C-linear operator, then T' is the same as the C-adjoint T* (i.e. the adjoint with 
respect to (HI])) so in particular for the Beurling-Ahlfors transform B we have an R-adjoint 
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B' , and moreover B* — B' . Similarly, the pointwise multiplication by /i and v are also 
C-linear operators. Thus their M-adjoints v' agree with their respectives C-adjoints 
V* . But these are precisely the pointwise multiplication with the respective complex 
conjugates. Symbollically, /i' = /I and v' — v. In contrast, general R-linear operators need 
not have a C-adjoint. For example, for the complex conjugation, 

one simply has C = C. Putting all these things together, one easily sees that 

(Id -[iB- uB)' = (Id - /iB - lyCB)' 

Id - ifiBY - [i^CB]' 
= Id - B'fi' - B'C'v 
= Id - B*JI- B*CV 
= B* (Id - JIB* - CVB*) B 
^B* [Id-JiB* -vCB*)B 

where we used the fact that B*B ~ BB* = Id. As a consequence, and using that both B 
and B* are bijective in ^^(C), we obtain that the bijectivity of the operator Id — piB — i^B in 
L^(C) © Lr(C) is equivalent to that of Id - JlB* - i^CB* in the dual space L'^ (C) © (C) . 
Similarly, one proves that 

(Id - fiB* - vCB*)' = B{Id -JIB- vB)B*. 

Hence, the bijectivity of Id — ^B* — vCB* in ig(C) © ^^(C) is equivalent to the bijectivity 
of Id-/i6-!/Bin LP'(C)©L^'(C). □ 

Lemma 10. //I < p < oo, lo G Ap, /i, v G VAdO have compact support, and |||Ai| + |j^|||oo < 
fc < 1, then the operators 

Id - /iS - vB and Id - iiB* - vW 

are Fredholm operators in LP{uj). 

Proof. We will show the claim for the operator Id — iiB — vB. For Id — [iB* — vB* the 
proof follows similarly. It will be more convenient for us to write B = CB. As in the proof 
of Theorem [TJ we set 

N 

Pn = ^{f^B + iyCBy. 

3=0 

Then 

(Id - ^iB - j^CB) o Pn_i = Id - {fiB + j^CB)^, 
Pjv-i o (Id - f^B + vCB) = Id - {^iB + vCB)^ . 



15 



We will show that 

ifiB + lyCB)^ = Bn + Kn (15) 
where Kn is a compact operator, and Rn is a bounded, linear operator such that 

\\RNf\\L.i.)<Ck^ N^\\f\\L.(u.)- 

Then, the Frcdholm property follows immediately. To prove (1151) . let us write, for any two 
operators Ti, T2, 

(t6{1,2}" 

where a e {1,2}^ means that a = (cr(l),. . • ,cr(iV)) and cr(j) G {1,2} for aU j = 1, . . . ,iV, 
and 

By choosing Ti = fj,B and T2 = vCB, one sees that every To-q) can be written as 
being Mi = ^, M2 = v,Ci= Id and C2 = C. Thus 

Ta = M^(i)C^(i)S M„(2)Ca(2)B . . . Ma(N)Ca(N)B. 

Our main task consists of rewriting as 

Ta = A^(T(l)C'CT(i)Mcr(2)C(T(2) • • • ^'ia{N)Ca(N) Ba + K^. (16) 

for some compact operator and some bounded operator e {B,B*}^ . If this is 
possible, then one gets that 

(Ti+T2)^= ^ ^^CT(l)C(T(l)^'^a(2)C(T(2) • ■ • ^'^cr(Ar)C'cr(Af) -Sct + ^ JiTo- 

o-e{i,2}« (Te{i,2}" 

It is clear that Kiq is compact (it is a finite sum of compact operators). Moreover, from 
B„ G {B,B*}^ , one has 

Af N 

\B„.f{z)\<Y.\^v{z)\ + Y.\^B*r.f{z)\- 



Thus 



\RnI{z)\ < J2 \Maii)C„ii) ■ . -M.wC^w B,fiz)\ 

cre{l,2}" 

Y,\B-f{z)\ + J2\{BTfiz)\ 

Af AT 



,n=l j=l 
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Now, since \\B^f\\Lp{u:) < C^jp WlWh^^u) (and similarly for (S*)"), one gets that 

= Cfc^iV3|l/|U,(„) 

and so (fT5)l follows from the representation To prove that representation ([TB| can be 
found, we need the help of Theorem [2j according to which the differences Kj = BM„(^j) — 
M^(^j)B are compact. Thus, 

Ta = M„(^i)C„(^i)B M„(^2)Ca{2)B ■ ■ ■ M„i^]^)C„(^i^)B 

= Mcr(i)Ccr(i)M^(2)SCcr(2)M(T(3) ■ ■ ■ BC „(^N)B + K a 

where all the factors containning Kj are includded in K„. In particular, K^, is compact. 
Now, by reminding that 

CB = B*C, 

we have that BCcr(j+i) — Ccr(j+i)-Bj for some Bj E {B,B*}. Thus 

To- = M"cr(i)Ccr(i)MCT(2)C'(T(2)-Bl ^^^(3) . . . C„(^n)Bn^iB + Ka 

Now, one can start again. On one hand, the differences Bj M„(^j_^^2) ~ -^^(T(j+2)^j are 
again compact, because Bj E {B,B*} and Afo.(j+2) G VMO. Moreover, the composition 
BjCa-{j+2) can be writen as Ca-{j+2)Bj, where Bj need not be the same as Bj but still 
Bj e {B,B*}. So, with a little abbuse of notation, and after repeating this algorythm a 
total of iV — 1 times, one obtains The claim follows. □ 

Proof of Theorem O The equation we want to solve can be rewritten, at least formally, in 
the following terms 

{Id-fiB-i;B)(df) = g, 

so that we need to understand the R-linear operator T = Id — fiB — vB. By Lemma [TUl 
we know that T is a Fredholm operator in LP{lu), 1 < p < oo. Now, we prove that it is 
also injective. Indeed, if 

T{h) = 

for some h G Lp{lu) and lu E Ap, it then follows that 

h = fiB{h) + vB{h) 

so that h has compact support, and thus h E i^+'^(C) for some e > 0. We are then reduced 
to show that 

T : L^+\C) L^+\C) is injective. 

Let us first see how the proof finishes. Injectivity of T in L^+'(C) gives us that h = Q. 
Therefore, T is injective also in L'p{ijj). Being as well Fredholm, it is also surjective, so by 
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the open map Theorem it has a bounded inverse T ^ : U'iui) — > LP(uj). As a consequence, 
given any g € LP{uj), the function 

f = CT-\g) 

is weh defined, and has derivatives in LP{lu) satisfying the estimate 

= \\BT-\g)h.i^^ + \\T-'ig)h.i^) 

< (C+l)||T-i(5)|U.(^) 

< C'IIsIIlph, 

because to £ Ap. Moreover, we see that / solves the inhomogeneous equation 

df{z) - f,{z) df{z) - v{z)Wz)= g{z). 

Finally, if there were two such solutions /i , /2 , then their difference F = fi — f2 solves the 
homogeneous equation, and also DF G LP{uj). Thus 

T(dF) = 0. 

By the injectivity of T we get that dF = 0, and from DF G U'{uj) we get that dF = 0, 
whence F must be a constant. 

We now prove the injectivity of T in Lp(C), 1 < p < oo. First, if p > 2 and h G Lp{C) 
is such that T{h) = 0, then h has compact support, whence h G L'^{C). But B,B are 
isometrics in i^(C), whence 

||/i||2<fc||i3/i||2 = fc||/||2 

and thus h — 0, as desired. For p < 2, we recall from Lemma [9] that the bijectivity of T 
in iP(C) is equivalent to that of T' = Id - ]1B* - vB* in the dual space LP{C). For this, 
note that the injectivity of T' in (C) follows as above (since p' > 2). Note also that, by 
Lemma [TU1 we know that T' is a Fredholm operator in (C), since JI and ly are compactly 
supported VMO functions. The claim follows. □ 

4 Applications 

We start this section by recalling that if /i, G (C) are compactly supported with 
+ I'^llloo < fc < 1 then the equation 

d<j>{z) - fi{z) d<j>(z) - I'iz) = 

admits a unique homeomorphic Wi^'^{C) solution : C — > C such that \(f){z) — z| — > as 
\z\ — > OD. We call it the principal solution, and it defines a global if-quasiconformal map, 

Applications of Theorem [1] are based in the following change of variables lemma, which is 
already proved in |21 Lemma 14]. We rewrite it here for completeness. 
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Lemma 11. Given a compactly supported function n G L°°(C) such that ||/^||oo 
let (j) denote the principal solution to the equation 

d(f){z) ^ ^i{z) d(t>{z) = 0. 

For a fixed weight lj, let us define 

The following statements are equivalent: 

(a) For every h g LP{uj), the inhomogeneous equation 

df{z)^fi{z)df{z)^hiz) (17) 
has a solution f with Df £ LP{lu) and 

<Cil|ftllLPM- (18) 

(b) For every h £ L^^rj), the equation 

dg{0 = HO (19) 

has a solution g with Dg G LP{ri) and 

\\Dg\\LPi„)<C2\\h\\LHn}- (20) 

Proof. Let us first assume that (b) holds. To get (a), we have to find a solution / of ^Tf} 
such that Df G LP{uj) with the estimate (fT8|) . To this end, we make in (flT)) the change of 
coordinates g — f o <p^^. We obtain for g the following equation 

^5(0 = ^(0, (21) 

where C = 4>{z) and 

kc) = Hz) 



In order to apply the assumption (b), we must check that h G U'{rii). However, 



II'^IIl.(,)= / IMC)rr?(C)dC= / |/i(0(z))|''c.(z)J(z,0)^dz 

iw N in ^{z) , 1 



(l-|M(^)P)i " (l-fc2)f " "^''('^)' 

Since h G LP{rj), (b) applies, and a solution g to (PT|) can be found with the estimate 

C 

\\Dg\\Lp(ri) < C2 \\h\\Lp(n) < T^-T I|/i|UpM- 

(1 — K^) 2 



19 



With such a g, the function f ~ g o (p is well defined, and 
\Df{z)\Pu;{z) dz^ f \DgWz)) DcI>{z)\p ^(z) dz 



\Dg{OD^i^-\OW^ir\z))JiC,^-')d(: 

- 

I iA9(c)rr;(c)dc. 

due to the i^^-quasiconforniality of (j). Moreover, / satisfies the desired equation, and so 
1 follows, with constant Ci = j^- 

To show that (a) implies (b), for a given h € we have to find a solution of (fT9)) 

satisfying the estimate Since this is a 9-equation, this could be done by simply 

convolving h with the Cauchy kernel However, the desired estimate for the solution g 
cannot be obtained in this way, because at this point the weight 77 is not known to belong 
to Ap. So we will proceed in a different maner. Namely, we make the change of coordinates 
f = g o (f>. We obtain for / the equation 

dfiz)-^,iz)dfiz)^hiz), 

where h{z) = h{4i{z)) d(j){z) (1 — Moreover, 

\h{z)\Pu^{z)dz= ( \h{c)\p{l^\^,{ct>-\c))\'Y'^v{Od(:< f |MC)r^(C)dC. 



Therefore (a) applies, and a solution / can be found with Df G LP{uj) and ||-D/||lp(cj) < 
C*! ll'illLp(r)) ■ As before, once / is found, one simply constructs g = f ° 4>^^ ■ By the chain 
rule, 



\Dg{C)Y'v{C)AC^ I \Dgicly-\z))\PJiz,cp-')rji^-'iz))dz 

\D{g o {Dr\z))-'\PJiz, r'HrHz))dz 

< J \Df{z)\P\D^{cj,-\z)WJ{z,<j,'')rj{cj,-\z))dz 

- {r^y I \DfizWJ{<l^-\zl<l^)^Jiz,cj^-'W<l^"\z))dz 

\ — 

I \Df{zWu;iz)dz. 

1 

Thus, \\Dg\\LP^,j^ < C2 MLPiv) with C2 = ' Ci, and (b) follows. □ 

According to the previous Lemma, a priori estimates for d — in LP{uj) are equivalent 
to a priori estimates for d in U'{'q). However, by Theorem [1] if uj is taken in Ap, the first 
statement holds, at least, when n is compactly supported and belongs to VM O. We then 
obtain the following consequence. 
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Corollary 12. Let /i G VAIO be compactly supported, such that \\iJ,\\oo < 1, and let 4> he 

the principal solution of 

d<j>(z) - n{z) d(t>{z) = 0. 
If 1 < p < oo and uj € Ap, then the weight 

belongs to Ap. Moreover, its Ap constant [ri]Ap can be bounded in terms of pL, p and [lS\Ap- 

Proof. Under the above assumptions, by Theorem [1] we know that if /i e LP{ll!) then 
the equation df — pidf = h can be found a solution / with Df G LP{uj) and such that 
II^/IIlp(lj) ^ C'o ||^I1lp(w)7 for some constant Co > depending on k,p and [i^]Ap- Equiv- 
alently, by Lemma [TTl for every h G V{ri) we can find a solution g of the inhomogeneous 
Cauchy-Riemann equation 

dg = h, 

with Dg G L'P[rf) and in such a way that the estimate 

\\Dg\\LHri) < C\\HLP(ri) 

holds for some constant C depending on Co, k and p. Now, let us choose <p G Co°(C) and 
set h = dip. Then of course g = if and dip = B{dp), and the above inequality says that 

\\\dip\ + \dp\\\LPirj) < C\\dp\\LP(^), 

whence the estimate 

<(CP-i)^||V|Un.) (22) 

holds for any tp — e C^{C); J V' = 0}. It turns out that V* is a dense subclass of 
LP{t]), provided that i] G Lj^^ is a positive function with infinite mass. But this is actually 
the case. Indeed, one has 

/ ^(C)dC= / c.(z) J(z,0)idz. 

JD{<d,R) J <j,-^{D{Q,B.)) 

Above, the integral on the right hand side certainly grows to infinite as i? — > oo. Otherwise, 
one would have that J(-,0)2 g U'{uj). But is a principal quasiconformal map, hence 
J{z,(j)) = 1 + 0(l/|zp) as \z\ oo. Thus for large enough > M > 0, 

/ J{z,(l>)^ uj{z)dz>C u{z)dz 

J M<\z\<N Jm<\z\<N 

and the last integral above blows up as — )■ oo, because oj is an Ap weight. 
Therefore, the estimate (HH) holds for all tp in LP{ri). By [HI Ch. V, Proposition 7], this 
implies that rj G Ap, and moreover, [r]]Ap depends only on the constant (C — l)p , that is, 
on fc, p and [wj^p- CH 



21 



The above Corohary is especially interesting in two particular cases. First, for the constant 
weight Lu = 1 the above result says that 

J(-,0-i)i-P/2 e Ap, l<p<oo. 

Without the VMO assumption, this is only true for the smaller range 1 + ||/i||oo < p < 
1 + — (see e.g. [U Theorem 13.4.2]). Secondly, by setting p ~ 2 in Corollary O we get 
the following. 

Corollary 13. Let € VMO be compactly supported, and (XSSUTTIC that ||/i||oo 

< 1. Let 6 

be the principal solution of 

d<j){z) - ^i{z) d(t){z) = 0. 
Then, for every lu G A2 one has uj o (f)^^ A2. 

The above result drives us to the problem of finding what homeomorphisms (j) preserve 
the Ap classes under composition with cf)^^. Note that preserving Ap forces also the 
preservation of the space BMO of functions with bounded mean oscillation, and thus 
such homeomorphisms 4> must be quasiconformal [12] . However, at level of Muckenhoupt 
weights, the question is deeper. As an example, simply consider the weight 



and its composition with the inverse of a radial stretching 4){z) — z\z\^^^. It is clear that 
the values of p for which Ap contains lo and oj o (p^^ arc not the same, whence preservation 
of Ap requires something else. This question was solved by Johnson and Neugebauer [H] 
as follows. 

Theorem 14. Let : C — )• C &e K -quasiconformal. Then, the following statements are 
equivalent: 

1. If ui € A2 then ui o cj)^^ G A2 quantitatively. 

2. For a fixed p G (1, 00), if lo Ap then u o <f>^^ g Ap quantitatively. 

3. J (j)^^) <E Ap for every p ^ {l,Qo). 

It follows from Corollary [T3l and Theorem [Ml that, if /i G VMO is compactly supported, 
IImIIcx) < fc < 1 and 4> is the principal solution to the C-linear equation d4> — fidcf), then 

j(.,r')G r\Ap. 

P>1 

Note that if the VMO assumption is removed, then we can only guarantee 

J(-, fl Ap. 

It is not clear to the authors what is the role of C-linearity in the above results concerning 
the regularity of the jacobian. In other words, there seems to be no reason for Theorem 
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1131 to fail if one replaces the C-linear equation by the generalized one, while mantainning 
the ellipticity, compact support and smoothness on the coefficients. In fact, there is a deep 
connection between this question and the problem of determining those weights lo > for 
which the estimate 

\\Df\\m^)<c\\df-fidf-,.df\\LH.) 

holds for any / S C^(C). The following result, which is a counterpart of Lemma [TTl 
explains this connection. 

Lemma 15. To each pair fi,!^ £ L°°(C) of compactly supported functions with \\\fi\ + 
I'^llloo < k < 1, let us associate, on one hand, the principal solution (p to the equation 

d(t>{z) - fi(z) d(t>{z) - iy{z)d^^ 0, 

and on the other, the function A defined by X o (j) = yz:\J^^^\^ ■ -^"'^ ^ fixed weight u), let 
us define 

The following statements are equivalent: 

(a) For every h S U'[lij), the equation 

df{z) - /i(z) df{z) - v{z)'df{z) = h{z) 

has a solution f with Df G L^{lj) and ||£'/1|lp(ij) < C* II^IIlp(w) • 

(b) For every h G L^^rj), the equation 

dgiO - A(C) Im(%(C)) = HO 
has a solution g with Dg £ LP{ri) and ||_Dg||ip(,,) < C ||/i||/^p(,j) . 

Although the proof requires quite tedious calculations, it follows the scheme of Lemma 
1111 and thus we omit it. From this Lemma, we would be very interested in answering the 
following question. 

Question 16. Let lu G LI^^{C) be such that uj(z) > almost everywhere, and let A G 
L°°(C) be a compactly supported VMO function, such that ||A||oo < 1- If the estimate 

P/IIlpM <C||9/-AIm(a/)|Up(^) 

holds for every f G , is it true that uj Cz A2? 

What we actually want is to find planar, elliptic, first order differential operators, different 
from the d, that can be used to characterize the Muckenhoupt classes Ap . In this direction, 
an affirmative answer tho Question [12] would allow us to characterize A2 weights as follows: 
given /i, G VMO uniformly elliptic and compactly supported, a positive a.e. function 
Ljj G Lj^^ is an A2 weight if and only if there is a constant C > such that 

\\Df\\m..)<C\\df~fidf-,ydf\\LHu.), forevery /gCo°°(C). (23) 
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Note that if \\\fi\ + \i^\\\oo < e is small enough, ([231) says that 

imwhi.) + miLH^) < c \\df\\L^^) + ce iia/iu.(^), 

so if e < i one easily gets that 

l|a/ik.(.)<^-^p/IU^(.). 

From the above estimate, weighted bomids for B easily follow, and so if + |j^|||oo < e 
then such a characterization holds. Question [15] has an affirmative answer. 
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